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ABSRACT 
 
A study is made of convection flow in a horizontal cavity whose boundaries are subject to a uniform heat flux. 
Equations for three-dimensional perturbations are solved to determine the critical Rayleigh number and wavenumber 
as functions of the Prandtl number.  It is found that the onset of instabilities corresponds to a Hopf bifurcation of the 
base flow. Two-dimensional longitudinal perturbations are the most unstable for Prandtl numbers smaller than 4.2. 
For higher Pr, the most unstable perturbations are three-dimensional. Numerical solutions of the fully nonlinear 
governing equations are presented for a wide range of Rayleigh numbers to show the transition of flows from steady 
to oscillating regimes. 
Key words:  Fixed-flux convection, parallel flow, nonlinear stability, oscillating flow regime. 
 
 
NOMENCLATURE 
 
A aspect ratio (L/H) 
H height of cavity, m 
k  thermal conductivity, W/mK 
k  wave number in x-direction, m-1 
l  wave number in z-direction, m-1 
L  width of cavity, m 
Pr Prandtl number 
Ra  Rayleigh number 
T temperature, K 
ur  fluid velocity, m/s 
x, z horizontal coordinates, m 
y vertical coordinate, m 
α  temperature gradient in y-direction 

Tα  thermal  diffusivity, m2/s 

Tβ  thermal  expansion coefficient, K-1 

β  direction  of propagation of perturbations, rad 

T∆  temperature scale, K 
ν  kinematic viscosity, m2/s 
Ψ  stream function (dimensionless) 
σ  complex amplification rate, s -1 
θ  deviation of dimensionless temperature from convection state 
 
 
 
 
 



INTRODUCTION 
 
It is well known that unicellular flows in rectangular cavities may become unstable at high Rayleigh numbers [1, 2, 
3, 4]. Instabilities in a vertical cavity with a fixed temperature difference on the side walls were examined by 
Bergholz [5], Korpela et al. [6] for various levels of stratification. Suslov and Paolucci [7] extended the analysis to 
non-Boussinesq conditions without stratification of the base temperature field.  It was found that transition from 
stationary to oscillatory regime was possible, and that the oscillations were either of hydrodynamic or thermal origin, 
depending on the Prandtl number. Nield [8] showed that different instability regimes could be obtained in a 
horizontal porous layer submitted to an oblique temperature gradient, by varying the vertical to lateral temperature 
gradient ratio. Kimura et al. [9] considered the stability of a porous layer heated from below by a constant heat flux. 
A critical transition from the steady parallel base flow to an oscillatory regime was found. 
In this paper we consider the evolution and stability of convection flows in a horizontal cavity whose boundaries are 
subject to a uniform heat flux. Equations for three-dimensional perturbations are solved to determine the critical 
Rayleigh number and critical wavenumber as functions of the Prandtl number. Numerical solutions of the governing 
equations are obtained to s how the transition   from steady to oscillating flow regimes. 
 
 
MATHEMATICAL ANALYSIS  
 

Let us consider the convection flow in a thin 
horizontal rectangular cavity that is heated by uniform heat 
fluxes, as shown in Fig.1. It is assumed that the 
temperature differences are small enough to ensure the 
validity of the Boussinesq approximation.  For a fluid of 
constant kinematic viscosity ν, thermal diffusivity αT and 
coefficient of thermal expansion βT, we may define  the 
length, temperature, velocity and time scales defined as  

2
T T, / , / , /H T Q H k H Hα α∆ =  (1) 

 with all fluid properties taken as constants  evaluated at 
some reference temperature T0.   
 

Within the Boussinesq approximation ρ = ρ0[1 - βT (T - T0)] for the buoyancy force , the dimensionless governing 
equations may be expressed as 

 0=⋅∇ ur  (2) 

 guu ˆT PrRaPrp
Dt
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 T
Dt
DT 2∇=  (4) 

with the Prandtl number Pr = ν/αT and the Rayleigh number Ra = gβT∆TH3/ναT . 
 
 
Base Flow 

 
It is well known that for sufficiently large values of the aspect ratio A = L/H, a  parallel flow is developed in the 
central region of the cavity.  Consequently, this base flow can be described by a stream function  ψ = ψ(y).  The 
continuity Eq.(2) is then automatically verified, while the momentum Eq.(3) simplifies to 
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FIG. 1 

Geometry and boundary conditions 



subject to the no-slip boundary conditions 2/1y  ,0 ±==ψ′=ψ .  

In conjunction with Eq.(4) under the fixed-flux boundary conditions, it may be readily shown that the stream 
function and temperature are  
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where the horizontal temperature gradient α may be determined by integrating Eq.(4) in conservative form over an 
arbitrary section of the cavity, using the boundary condition 1x T =∂∂  on the side walls. We then obtain 

 01
!6

Ra1
!9

Ra 23

=−





 −α+α

 (8) 

for α as a function of the Rayleigh number. 

 

Linear Stability Analysis 

 
Let small perturbations of the temperature, pressure, and velocity fields of the form 

 { } [ ] )lzkx(itexp)y(f̂ Ref
~

++σ=  (9) 

be added to the base flow, where  
~
f  is a complex quantity, k and l are the real longitudinal and transverse 

wavenumbers, respectively, and σ = σr + iσi is the complex amplification rate.   

The set of governing equations (2)-(4) may be linearized to first order in small quantities to obtain the eigenvalue 
problem  
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where 222 lkk
~

+= , D = d/dy ,  L represents the operator D2 - k2 – l2 and the prime designates derivative with 
respect to y.  
 
Solutions to this problem can be achieved as follows.  The various terms in Eq.(10) are discretized according to 
central difference schemes. The eigenvalues of the resulting discrete matrix are then computed from a standard IMSL 
subroutine such as EIGENC or QZ. The eigenvalue problem is solved holding k, l, Pr constant each time.  Newton’s 
method is used to find the value of Ra for which the maximum growth rate σr cancels.  Repeating the procedure for 
different wavenumbers k and l determines a marginal stability surface for a given Prandtl number Pr.  The minimum 
value of Ra on the surface corresponds to the critical Rayleigh number Rac.   



Let introduce the angle β to define the direction of propagation of the disturbance s in such a way that cosk k β= %  

and sinl k β= % . A detailed analysis of this problem [4] showed that 2-dimensional longitudinal perturbations are 
the most unstable for Prandtl numbers smaller than 4.2.  For higher Pr values, the most unstable perturbations are 3-
dimensional with a transverse wavenumber becoming more important as the Prandtl number increases. Fig. 2 
displays the marginal stability curves for different values of Pr.  Solutions of the eigenvalue problem Eq.(10) reveal 
that σi is  different from zero at any Prandtl number, i.e. the instabilities are always oscillating. This result indicates a 
Hopf bifurcation of the base flow, for which the disturbances are characterized by oscillations in amplitude, unlike 
what is found in the case of a vertical cavity with a fixed temperature difference imposed between the walls [6].  
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              Fig. 2 :  Marginal stability for l = 0                                    Fig. 3 : Critical disturbances along x 
                           Pr = 0.7 and 1.0           Pr = 1.0, Rac = 133200, kc = 5.12 

 

                 Fig. 4: Critical disturbances for l = 0,  Rac = 159850,   kc = 1.188,  σI   =  68.477 

 

It should be noted from Fig. 2 that the stability curves for Pr = 0.7 and 1.0 display two relative minima.  Each 
minimum corresponds to the critical Rayleigh number for a different mode of instability. For Pr = 1.0, the most 
unstable instability mode is the one associated with the relative minimum at the higher wavenumber on the marginal 
stability curve.  The corresponding disturbance streamlines and isotherms are shown in Fig. 3.  For Pr = 0.7, the most 
unstable mode is located at the lower wavenumber and the distinction between the branches of the stability curve 
corresponding to each instability mode is very clear on the plot.  Figure 4 depicts the streamlines and isotherms of 
perturbations at the critical Rayleigh number. 
The above results show that the onset and development of the instabilities are strongly influenced by the Prandtl 
number.  It can be reasonably expected that instabilities are more likely to be shear-driven for Pr < 1, as thermal 
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disturbances of the base flow are then prone to be dissipated faster than hydrodynamic disturbances due to the larger 
molecular heat diffusion.  For Pr >1, viscous diffusion is greater than heat diffusion, and instabilities are expected to 
be buoyancy-driven. In fact, a detailed analysis of the kinetic and potential energies at the onset of instabilities 
showed that they are of thermal origin when Pr ≥ 0.9, but shear-driven otherwise [4].                       
 
 
NUMERICAL SOLUTIONS 

The fully nonlinear Navier-Stokes and energy equations are numerically solved by the control volume method for a 
cavity of aspect ratio 8. The grid size is 21X81, with a time step varying from 0.01 to 0.0001, depending on the 
Rayleigh number. Some typical results are shown below for a fixed Prandtl number Pr = 0.7 and a Rayleigh number 
varying from 100 000 to 200 000. Fig. 5 shows the steady parallel flow obtained at Ra= 120 000. Fig. 6 shows the 
flow obtained at Ra = 160 000 which is still a parallel unicellular flow, but its amplitude weakly oscillates in time as 
can be seen in Fig. 9.  The flow at Ra = 180 000 is shown in Fig. 7. Solutions obtained at Ra = 200 000 are presented 
in Fig. 8 and 10. 
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Fig 5 : Ra=1.2E5, Dt=0.01, I.C=Zero, A=8 

Fig 6 : Ra=1.6E5, Dt=0.01, I.C=Zero, A=8 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   Fig. 9:  Minimum stream function vs time                                Fig. 10:  Minimum stream function vs time 

Ra=1.6E5,  Dt=0 .01 ,  I .C=Zero ,  A=8 (Su i te )
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Fig 7 : Ra=1.8E5, Dt=0.01, I.C=Zero, A=8 

Fig 8 : Ra=2.0E5, Dt=0.01, I.C=Zero, A=8 



It can be verified from the stream lines patterns that the flow is  parallel for the whole range of Rayleigh numbers 
considered here. More importantly, it was found that a steady state solution is obtained, and the flow is stable, for 
Rayleigh numbers less than 160 000. At higher Rayleigh numbers, the flow remains essentially parallel, but its 
amplitude oscillates in time, albeit rather weakly. The apparition of oscillations at Ra = 160 000 is an important 
result as it clearly confirms the stability analysis which predicts a Hopf bifurcation of the parallel flow at a critical 
Rayleigh number Ra = 159 850 as shown in Fig. 4. 

 
CONCLUSION 
 
Natural convection in a horizontal cavity under the fixed-flux boundary condition was shown to develop into 
essentially parallel flows. These flows were shown to become unstable against either 2-D or 3-D oscillating 
perturbations, depending on the Prandtl number. The stability analysis predicts that the onset of instabilities 
corresponds to a Hopf bifurcation at a critical Rayleigh number Ra = 159 850 for Pr = 0.7.   A direct simulation of 
the Navier-Stokes equations reveals indeed a weakly oscillating parallel flow at Ra = 160  000. These results  warrant 
the development of a nonlinear long-wave theory to study the spatio-temporal evolution of convection flows under 
fixed-flux conditions. 
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