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Abstract: We study numerically the impact of the inclination angle of a rectangular cavity on thermosolutal natural 

convection in the presence of Soret effect and heat generation. The enclosure is differentially heated and salted from 

two opposite long sides with constant but different temperatures and concentrations while the short walls are 

considered adiabatic and impermeable to mass transfer. A hybrid lattice Boltzmann-finite difference method (LBM-

FD) is used to analyze the effect of the governing parameters and the results are presented in terms of streamlines, 

isotherms, iso-concentration lines, mean temperatures and concentrations and local and averaged Nusselt and 

Sherwood numbers on the active walls. The governing parameters of this problem are the external Rayleigh 

numberὙὥ ρπ, the Prandtl number ὖὶ πȢχρ, the buoyancy ratio ὔ ρ), the Lewis number ὒὩ ς, 
the Soret parameter Ὓὶ π ÁÎÄπȢυ), the internal to external Rayleigh numbers ratio π Ὑ ψπ and the cavity 
inclination g , varied from 0Á (vertical position) to 60Á. 
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1. Introduction   
 

Problems involving heat and mass transfer by free convection in rectangular cavities including both fluid and 

porous media has attracted considerable attention through the decades owing to their practical implications in many 

engineering and environmental requests. The combined effects of thermal and solutal buoyancy forces lead to more 

complex flow structures in comparison with the pure thermal convection. The consideration of cross diffusion (i.e. 

Soret and/or Dufour effects) in recent problems further complicate the nature of the coupling resulting in very 

specific behaviors. In the case of cavities differentially heated and salted, the fluid flow is, in general, easily triggered 

(except in special cases as in situations where thermal and buoyancy forces are opposing to each other) in the medium 

by imposing horizontally a gradient of temperature and/or a gradient of concentration. These kinds of problems have 

been considered in many experimental and numerical studies [1-7].  Sometimes, these gradients should exceed some 

critical thresholds to trigger convection flows when thermal and solutal gradients are parallel to gravity [8-11]. Such 

a category of problems lead in general to more intriguing solutions which are (but not limited to) oscillatory flows, 

Hopf bifurcations, hysteresis behaviors and reversal gradients of concentration. In some practical situations, when 

the separation of species is a researched goal, the inclination of the cavity could help by attenuating velocity flows 

to amounts ensuring optimum conditions that lead to maximum separation of the species [12-15]. The important role 

that may be played by this parameter (inclination) in the modification of buoyancy forces has been demonstrated in 

the case of thermal convection induced in a square cavity; its effect was examined on the melting rate [16] and  on 

heat transfer in the presence of nanoparticles [17-19]. Another phenomenon, which is expected to alter heat and mass 

transfer characteristics in rectangular cavities, is the internal heat generation. The latter has been the object of 

experimental [20, 21] and numerical [22, 23] studies dealing with thermal natural convection. Comparatively, 
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literature shows that very limited research has been conducted on thermosolutal natural convection for an internally 

heated cavity [24]. The impact of the heat generation is measured by properly defining an internal Rayleigh number, 

RaI, while the flow generated by the temperature and concentration differences is attributed to an external Rayleigh 

number, RaE.. The ratio RaI/RaE may play a key role in the control of fluid flow and heat and mass transfer 

characteristics. Thus, having regard to the existing, the present study is dedicated to investigate thermosolutal natural 

convection in an inclined rectangular cavity with an aspect ratio of 2 by focusing the attention on the combined 

effects of the cavity inclination and the ratio of internal and external Rayleigh numbers. The numerical code, based 

on the hybrid FD-LBM method, was successfully validated with a homemade code based on the lattice-Boltzmann 

method, with the multi-relaxation time (MRT) scheme. 

 

2. Mathematical Formulation 

 
2.1 Problem Description 

 
 The physical model considered in the present study is sketched in Fig. 1. It is a 2D rectangular cavity of 

height, H and width, L confining a binary mixture. The long sides of the enclosure, parallel to Oy, are submitted to 

constant temperatures Ὕ Ὕ  and concentration Ὓ Ὓ  while its short sides are considered adiabatic and 

impermeable to mass transfer. The confined mixture is considered Newtonian, incompressible, obeying the 

Boussinesq approximation and the fluid flow is laminar. By considering these hypotheses, the macroscopic 

governing non-dimensional equations have been obtained by using appropriate dimensionless variables. In the 

vorticity-stream function formulation, (W ‪), and in the presence of Soret effect, these equations can be presented 

as follows:  

 

 
   

ὺ ​  Ὑ ὔ ÃÏÓ‎ ὔ ÓÉÎ‎ (1) 

                                                                   ​— Ὑ                                   (2) 

                                           ​‰ Ὓὶ​—                      (3) 

And                                                                                                           (4) 

 

The local Nusselt and Sherwood numbers are evaluated as: 

ὔόȟ ώ
ȟ

 and   ὛὬȟ ώ
ȟ
Ὓὶ

ȟ

              (5) 

In the above equation, the subscript 0/1 of ὔό and ὛὬ stays for the heated/cooled wall.  

The averaged Nusselt and Sherwood numbers on the active walls are defined as follows:  

 ὔόȟ ᷿
ȟ
Ὠώ  and   ὛὬȟ ᷿ Ὓὶ

ȟ
Ὠώ                (6) 

The examination of the governing equations, written in their dimensionless form, shows that the control 

parameters are Ὓ
Ў

Ў
; the Soret parameter, —Ⱦ‰ ; the dimensionless temperature/(concentration), ὒὩ ; the 

Lewis number, ὖὶ ; the Prandtl number, ὔ ‍ɝὛȾ‍ɝὝ; the buoyancy ratio, ‎; the cavity inclination and 

Ὑ  ; internal to external Rayleigh numbers ratio, with Ὑὥ Ὣ‍ȹὝὒȾ‡‌ and Ὑὥ Ὣ‍ὗὒȾ‡‌‗. These 

two last parameters are respectively controlled by the temperature difference between the active boundaries and the 

intensity of the uniform volumetric heat generation/absorption rate. It is to specify that the presentation of the 

dimensionless Eqs. (1) to (4) in this manuscript was motivated by the concern to make explicitly appearing the 

governing parameters. 
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         Figure 1.  Physical model 

 

2.2 Mathematical formulation 
 

In the mesoscopic approach used in this study, the problem is governed by the Boltzmann equations (6) for 

the momentum equation using the BhatnagarïGrossïKrook (BGK) approximation [25] while the equations of 

advection-diffusion of temperature and concentration are solved separately using an explicit finite-difference 

technique at the Boltzmann scale. The Lattice-Boltzmann equation in the presence of an external force & can be 

written for the flow field as follows: 

 

Ὢὶ ὧЎὸȟὸ ῳὸ Ὢ ὶȟὸ ‫ȢὪ ὶȟὸ Ὢ ὶȟὸ ὊЎὸ                φ                                                                               

 

In the precedent equation, ‫ ρȾ† stays for the flow field collision frequency. The parameters † and ɝὸ 
represent the flow relaxation time and the linkage time, respectively. To treat the incompressible case, we used the 

model proposed by He and Luo [26] who suggested to neglect the terms of order higher than 2 in terms of the Mach 

number. 

Thereby the local equilibrium distribution function, Æ ÒȟÔ, known also as Maxwellôs distribution function, is 
obtained as [27]: 

Ὢ ὶȟὸ ρ”‫ σ
ᴆȢᴆ

τȢυ
ᴆȢᴆ

ρȢυ
ᴆȢᴆ

    for k = 0, 1, é, 8                        χ 

 

With ʍ being the density, Ãᴆ the discrete velocities for the arrangement D2Q9 scheme (used in this study), ʖ  the 

weighting factor and ὧ the lattice speed. The implementation of the Boussinesq approximation in the discrete external 

force was derived from the expression proposed by Luo [28] as follows: 

 

      & σʖ& σʖʍÇɼ 4 4 .3 3  Ã ÃÏÓ‎ Ã ÓÉÎ‎                 ψ  

 

Where 4 4 4 Ⱦς, 3 3 3 Ⱦςȟ ɼ is the thermal expansion coefficient and Ã  and Ã  are the 

projections of the microscopic velocity Ãᴆ on the x and y axes.  

The macroscopic quantities which are the density, ʍ, and the velocity, Õᴆ, can be obtained by using the following 

formulas: 

                            
ʍÒȟÔ В ÆÒȟÔ

ʍÕᴆÒȟÔ В ÃᴆÆÒȟÔ
                                                                             ω 

   

The Chapman-Enskog procedure [29] was used to link the kinematic viscosity ’ to the relaxation time as ’

† πȢυ  ɝὸ.  

As mentioned before, the energy and species equations are written in their dimensional forms as follows: 
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ό ὺ ‌                                             (10) 

                    ό ὺ   Ὀ                               (11) 

Where ‌ and Ὀ stay respectively for thermal and mass diffusivities while the parameter     translates the 

coupling due to the Soret effect. Equations (10) and (11) were discretized at the Boltzmann scale using a similar 

approach to that proposed by Lallemand and Luo [30] with Ўὸ Ўὼ Ўώ ρȢ This method is explicit and 

characterized by a conditional convergence criterion. The object in the present study was to extend its use to the 

present problem.  More specifically, for Eqs. (10) and (11), the following discretizations were used: 

 

ɜȟ ɜȟ         (12) 

ɜ ȟ ɜ ȟ ɜ ȟ ɜ ȟ ɜ ȟ ɜ ȟ    (13) 

ςɜ ȟ ɜ ȟ ɜȟ ɜȟ ɜ ȟ ɜ ȟ ɜ ȟ

ɜ ȟ                   (14) 

 

In Eqs. (12) to (14), ɜ stays for Ὕ or Ὓ and the first derivative of  ɜ with respect to y is similar to its derivative 

with respect to ὼ in Eq. (13), if one takes care to permute the roles of the indices ñiò and ñjò. The parameters ‌ and 

Ὀ where calculated at the Boltzmann scale as ‌ ’Ⱦὖὶ and Ὀ ‌ȾὒὩ while the source term in Eq. (10) was 

calculated by using the available data.  

 

2.2 Validation of the numerical code 

 

 The hybrid LBM-FD code was validated against a homemade code based on LBM with MRT scheme, 

developed by our team, and using D2Q9 model for fluid flow and D2Q5 models for temperature and concentration. 

Various comparative tests have been successfully carried out but illustrated here just for the case ὔ ρ, Ὑὥ ρπ, 
ὒὩ ς, Ὑ τπ, ὃ ς and g τυЈ. Comparisons were made in terms of streamlines, isotherms, iso-concentrations 

and corresponding extremum values of ‪ and mean values of Nusselt and Sherwood numbers on the active 

boundaries.  The comparative results presented in Fig. 2 were obtained with a grid 120240 (the same grid used in 

this study). The examination of these results show an excellent qualitative agreement between both methods. Despite 

the difference in the approaches used for both methods, only a maximum relative difference of about 3.4%/1.9% is 

observed in terms of ‪ /‪   while for Nusselt and Sherwood numbers, the maximum difference remains within 

0.6%. 
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Figure 2: Validation of the numerical code in terms of streamlines (a), isotherms (b) and iso-

concentrations (c) for Ὓὶ π, ╝ ρ, Ὑὥ ρπ, ὒὩ ς, Ὑ τπ, ὃ ς and g τυЈ. 
         

2.3 Effect of the grid 

The preliminary tests conducted to examine the sensitivity of the results vis-à-vis of the grid has led to the choice 

of the grid 120³240 for the present study. The comparative indicative results presented in Table 1 provide an idea 

about the changes accompanying the refinement of the grid. It can be affirmed that the selected grid (120³240) leads 

to very satisfactory results compared with the finer grid (160³320) with an important gain in computation time. 

Quantitatively, the results engendered by choosing the grid 120³240 deviate by less than 0.43% from those obtained 

with the finest grid.  

Table 1 : Gridôs effect for Ὓὶ π, ╝ ρ, Ὑὥ ρπ, ὒὩ ς, Ὑ ρππ, ὃ ς and g τυЈ. 
 

 ⱶ□╪● ⱶ□░▪ Nu1 Nu0 Sh1 Sh0 

80³160 10.9099 -38.8955 -30.6780 -69.9169 3.7887 -3.8377 

100³200 10.9689 -38.8697 -30.6485 -69.6767 3.7751 -3.8040 

120³240 11.0031 -38.8761 -30.6381 -69.5554 3.7689 -3.7869 

140³280 11.0277 -38.8843 -30.6345 -69.4884 3.7658 -3.7777 

160³320 11.0498 -38.8895 -30.6337 -69.4486 3.7642 -3.7724 

Relative 

deviation (%) 

0.4226 0.0345 0.0144 0.1538 0.1249 0.3844 

 

 

3. Results and discussion 

 
The results presented in this section were obtained with the hybrid lattice-Boltzmann finite-difference method 

in the case of a cavity heated and salted from the long opposite sides for ὔ  ρ (case of aiding buoyancy forces). 

The remaining parameters are the aspect ratio of the cavity (ὃ ς), the Lewis number (ὒὩ ς), the Prandtl number 

(ὖὶ  πȢχρ), the external Rayleigh number (Ὑὥ ρπ), the cavity inclination (g πЈ, 30° and 60°), the Soret 

parameter (Ὓὶ  π and -0.5) and the parameter Ὑ characterizing the relative importance of the internal Rayleigh 

number compared to that of the external Rayleigh number π ¢ Ὑ ¢ ψπ). The restricted choice of the values of the 
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control parameters was dictated by the concern to avoid unsteady solutions more frequently observed for positive 

values of Ὓὶ (particularly for Ὓὶ  πȢυ considered in the preliminary tests), which requires more investigative effort 

that goes beyond a scope of a conference. In addition, the case of heat absorption was omitted since their 

corresponding results may be deduced from the case of heat generation as indicated in Fig. 3 for two opposite values 

of Ὑ. Here, we illustrate combined effects of the three parameters which are Ὓὶ, Ὑ and g on the illustrative results 

presented hereafter.  

 

 

 

 

 
3.1 Fluid flow and heat and mass transfer characteristics 

 

The combined effects of cavity inclination and Soret parameters are depicted in Figs. 4a-b for Ὑ  π and Figs. 

4c-d for Ὑ ψπ in the absence of Soret effect (Figs. 4a and 4c) and in the presence of negative Soret effect (Figs. 

4b and 4d). It can be seen that the flow circulation is mainly structured in one negative clockwise rotating cell. It is 

however to outline that the solution obtained with Ὓὶ πȢυ and ‎ φπЈ is unsteady periodic but the flow doesnôt 

lose the monocellular structure (the quantitative results presented for this case correspond to average quantities over 

one flow cycle). For this unsteady solution, only slight qualitative changes affecting the internal lines of the cell 

were observed. As for the flow intensity, it undergoes nevertheless an important change around 37% during the 

evolution of the flow cycle. Apart from this clarification, all the remaining solutions are steady. Globally, by focusing 

the attention on the Soret effect for a given inclination, we notice that the negative Soret parameter has a negative 

impact on the flow intensity. More specifically, for ‎ φπЈ, the flow intensity undergoes a mean decrease around 

8.4% by changing the value of Ὓὶ from 0 to -0.5. Comparatively, the decrease registered is around 13%/10.5% for 

‎ σπЈȾπЈ when the Soret effect is considered. Now, by focusing the attention on the changes undergone by varying 

the cavity inclination, it appears that these changes are more important. Qualitatively, the variation of the parameter 

‎ engenders a big change in the shape of the internal lines of the cells; changes visibly more marked by the inclination 

variations that affect the components of the buoyancy force. Quantitatively, for a given Soret parameter, by 

decreasing the cavity inclination from 60° to 30°/0°, the flow intensity decreases by about 31%/47% for Ὓὶ  π 
and 34%/48% for Ὓὶ  πȢυ. It is to note that the increase of the ratio Ὑ of the Rayleigh numbers destroys the 

monocellular flow structure by favoring the appearance of a positive small cell from a critical value of Ὑ that depends 

both on ‎ and Ὓὶ. The figure 2 used for a validation purpose gives an idea about the size and location of the nascent 

positive cell for the corresponding combinations of the governing parameters. For Ὑ  ψπ,  Figs. 4c and 4d 

exemplify other states of the flow respectively for Ὓὶ  π and -0.5 and various ‎. It is seen that this relatively 

important value of Ὑ has led to a big change in the flow structure by favoring the positive clockwise cell in terms of 

size and intensity. The latter appears when the hot wall contributes to the cooling process (i.e its role changes to 

ensure the evacuation of a part of the important heat generated inside the cavity). Another point to outline is the fact 

that all the solutions obtained with Ὑ  ψπ are steady. Recall that for Ὑ  π the flow structure is monocellular. 

For R = 80, the monocellular nature of the flow is lost, which means that the size of the negative cell is reduced but, 

despite this fact, its intensity is increased since it is supported by the internal heat generation. More specifically, the 

increase of the flow intensity accompanying the increase of Ὑ for Ὓὶ πȾπȢυ is of about 32%/21%, 79%/68% and 

98.5%/79.5%, respectively for ‎ = 60°, 30° and 0°.  Now, by focusing the attention on the relative ratio (in %) of 

  
(a) (b) 

(‪ max,  ‪ min) = (8.563, -37.617) 

 (Nu1, Nu0) = (56.589, 23.534) 

(Sh1, Sh0) = (3.705, -3.684) 

(‪ max, ‪ min)  = (8.563, -37.617) 

(Nu1, Nu0 ) = (-23.534, -56.589)  

(Sh1, Sh0) = (3.684, -3.705) 

 

Figure 3: Streamlines for . ρ, 3Òπ , Ὑὥ ρπand g τυЈ: (a) Ὑ ψπ and (b) Ὑ ψπ. 

+

-

+

-
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the positive cellôs intensity with respect to that of the negative one for each inclination, we notice that it is of about 

16.2%, 30.6% and 48.3%, respectively for ‎ φπЈ, 30° and 0° and Ὓὶ  π. However, for Ὓὶ πȢυ, these ratios 

become respectively 19.5%, 32.9% and 48.8%. This means that the decrease of the cavity inclination attenuates both 

the positive and negative cells intensities and these relative attenuations are more important for the considered 

negative value of the Soret parameter. 
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g = 60° g = 30° g = 0° g = 60° g = 30° g = 0° 

‪ max = 6.308 

‪ min = -38.996 

‪ max = 11.042 

‪min = -35.992 

‪ max = 15.007 

‪ min = -31.052 

‪ max =  6.380 

‪ min = -32.718 

‪ max = 9.770 

‪ min = -29.644 

‪ max = 12.271 

‪ min = -25.124 

 

Figure 4: Streamlines for 3Òπ ÁȟÃ ÁÎÄπȢυ ÂȟÄ,  2 π ÁȟÂ ÁÎÄ ψπ ÃȟÄ, Ὑὥ ρπ and various g. 

 

 

The corresponding isotherms are illustrated in Figs. 5a-b for Ὑ  π and in Figs. 5c-d for Ὑ  ψπ in the 

absence (Figs. 5a and 5c) and in the presence (Figs. 4b and 4d) of Soret effect. These figures show that the isotherm 

fields are affected by the Soret parameter and more importantly by the inclination of the cavity. In the absence of 

heat generation (Ὑ π), the mean heat fluxes crossing the active boundaries are identical in the absence and in the 

presence of Soret effect indicating that the energy balance is fully satisfied.  For Ὑ ψπ, the sum (in absolute value) 

of both Nusselt numbers should be equal 80. This balance is also satisfied with a maximum error of 0.4%. Moreover, 

in the absence of internal heat generation and, due to the monocellular nature of the flow, two thermal boundary 

layers are developed in the upper part of the cooled wall and in the lower part of the heated one. The locations of 

these boundary layers can be explained by the clockwise rotation of the unique existing cell. In fact, these boundary 

layers are observed there where the fluid heated/cooled by the left/right wall interacts first with the cooled/heated 

wall. For Ὑ  ψπ, the most important temperature gradients are still located on the upper part of the cold wall but 

on the heated wall, they are shifted towards its upper part, where the  peripheral lines of the positive counter-

-
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-

-

(a) (b) 

(c) (d) 


